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and analyze the corresponding kinematic three dimensional surface under the hypothesis that its 
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In this paper we consider the equiform motion of a sphere in Euclidean space E^. We study 



scalar curvature K is constant. Under this assumption, we prove that |K| < 2. 
MSC: 53 AOS, 53 A 17. 



o, 

■ Keywords: kinematic surfaces, equiform motion, scalar curvature. 



1 Introduction 

An equiform transformation in the n-dimensional Euclidean space E" is an affine transfor- 
mation whose linear part is composed by an orthogonal transformation and a homothctical 



> 

' transformation. Such an equiform transformation maps points x e E" according to the rule 
■ 

; XI — >s^x-i-d, ^ e 50(n),s e R+,d e E". (1.1) 

o . 

0^ . The number s is called the scaling factor. An equiform motion is defined if the parameters of 



(jl.ip . including s, are given as functions of a time parameter t. Then a smooth one-parameter 
equiform motion moves a point x via x(t) = s{t)A{t)'x.{t) + d{t). The kinematic corresponding 
to this transformation group is called equiform kinematic. See [21 14]. 

Under the assumption of the constancy of the scalar curvature, kinematic surfaces obtained 
by the motion of a circle have been obtained in [1]. In a similar context, one can consider 
hypersurfaces in space forms generated by one-parameter family of spheres and having constant 
curvature: [IISIIIII]. 

In this paper we consider the equiform motions of a sphere kg in E". The point paths of 
the sphere generate a 3-dimensional surface, containing the positions of the starting sphere kg. 
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The first order properties of these surfaces for tlic points of these spheres have been studied 
for arbitrary dimensions n > 3. We restrict our considerations to dimension n = 7 because, at 
any moment, the infinitesimal transformations of the motion map the points of the sphere kg 
to the velocity vectors, whose end points will form an affine image of ko (in general a sphere) 
that span a subspace W of E" with n < 7. 

Let x(^, (j)) be a parameterization of ko and let X(i, 9, (p) be the resultant 3-surface by the 
equiform motion. We consider a certain position of the moving space given by t = 0, and we 
would like to obtain information about the motion at least during a certain period around t = 
if we know its characteristics for one instant. Then we restrict our study to the properties of 
the motion for the limit case t 0. A first choice is then approximate X(t, 0, (f>) by the first 
derivative of the trajectories. SoUiman, et al. studied 3-dimcnsional surfaces in generated by 
equiform motions of a sphere proving that, in general, they are contained in a canal hypersurface 



The purpose of this paper is to describe the kinematic surfaces obtained by the motion of a 
sphere and whose scalar curvature K is constant. As a consequence of our results, we prove: 

A kinematic three-dimensional surface obtained by the equiform motion of a sphere 
and with constant scalar curvature K satisfies |K| < 2. 

Moreover, we show the description of the motion of such 3-surface giving the equations that 
determine the kinematic geometry. 

2 The representation of a kinematic surface 

In two copies ^ of Euclidean 7-space E^, we consider a unit sphere ko centered at the 
origin of the 3-space eo — [X1X2X3] and represented by 



Under a one-parameter equiform motion of moving space ^ with respect to a fixed space ^ 
the general representation of the motion of this surface in E^ is given by 



Here d(<) = [bi{t)j : i = 1,2, ...,7 describes the position of the origin of ^ at time t, 

A(i) = (^aij(t)j : i,j = 1,2,..., 7 is an orthogonal matrix and s{t) provides the scaling 
factor of the moving system. With s = const. ^ (sufficient to set s = 1), we have an 



0. 



XI 




x{t, e, 0) = s{t)A{t)x{e, <f)) + d{t), 



t e / c R. 
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ordinary Euclidean rigid body motion. For varying t and fixed yi{0^(j))^ equation (j2.ip gives a 
parametric representation of the surface (or trajectory) of x(0, 0). Moreover, we assume that 
all involved functions are at least of class C^. Using Taylor's expansion up to the first order, 
the representation of the motion is given by 

X(i, e, 0) = [s(0)A(0) + t (s(O)A(O) + s(0)A(0))] x(0, 0) + d(0) + M(0), 

where (.) denotes differentiation with respect to the time t. Assuming that the moving frames 
and ^ coincide at the zero position = 0), we have 

A(0) = I, s(0) = 1 and d(0) = 0. 



Thus we have 

X(i,6i,0)= I + <(s'I + f^) x(6i,0)+M', 

where $7 = A(0) = (cji), i = 1, 2, 21 is a skew symmetric matrix, s' — s(0), d' — d(0) and all 
values of s, bi and their derivatives are computed at t = 0. With respect to these frames, the 
representation of the motion up to the first order is 

\ 
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= t b + cos{6) cos{(j)) So + sin(0) cos(0) Si + sin(0) a2. 



(2.2) 



For any fixed t in in equation ()2.2p . we generally get an ellipsoid for 9 E [0, 27r] and (p € [0,7r] 
centered at the point t(&'j^, 62, 63, 64, 65, 5g, 67). The latter ellipsoid turns to a 2-dimensional 
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sphere if ag, ai and a2 form an orthonormal basis. This gives the foUowing conditions: 

6 6 11 



i=2 



1=3 4=8 
6 11 6 15 

J2^^=J2^^^ ^^7+Y.^^■ 



(2.4) 



i=2 



i=7 



i=3 



z=12 



3 Scalar curvature of the kinematic surface 

In this section we shah compute the scalar curvature of 3-surfaces in generated by equiform 
motions of a sphere which satisfies the conditions (|2.3p - (|2.4p . The tangents to the parametric 
curves t — const., 9 = const, and (j) = const, at the zero position are 

s'l + dx + d', Xg=\l+ (s'I + n)t\xe, = [l+ fs'I + f^Vlx^, 



The first fundamental quantities of X(i, 9, (f) are 

Isii^Xt^?; .9i2 = XeX('", gis^X^X^, 
522=XeXj, g23 = X0Xj, 5133 = X^Xj. 

Under the conditions (|2.3p - (|2.4p . we obtain 

511 = 7 + as cos(20) + ag sin(0) + 2 cos((/)) cos((/)) ^0:4 cos(26') + ai sin(20) 

+ sin(6') ^017 + a2 sin(0)^ + cos(0) {a^ — 2a3 sin(0)^ , 
gi2 = cos(0) 2 f cos((?!)) I^ai cos(20) — a4 sin(26')^ — cji cos(0) 
(9) t(^ae - 2^3 sin((/))^ + b[ + uj2 sin(0) 
1(6') t(ar + 2a2 sin(0)^ +63 + ^7 sin(0) 
gi3 = 2t cos{2(j)) (^a2 sm{9) — as cos{9)^ — i sin(20) ^^as + 014 cos(20) 
+ ai sin(26')^ - sm{(j)) (b[ +tae^ cos{9) + (b2 + i ay^ sin(6') , 
322 = cos^ (0) 1 + 2t s' + 2t^ (^S - ai cos(26l) - ae sin(26')^ , 

2 cos^ (0) (a2 cos{9) + 03 sin(6')^ + sin(20) (at sm{29) -aiCOs{29) 
l + 2ts' + 7 - ^ - as cos(2(/)) + 2 sin^ (</)) (a4 cos(26') + ai shi{29) 
in(20) (^as cos{9) — a2 sm{9) 



sm 



cos 



323 
533 
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where 



2 
1 

ao — — 
2 
1 

2 
1 

4 
1 



LOl UJ2 + Z^i^g 'J-'i , 

■c.?-2c.|-2c.? + E"i^?- 
ag = b[ s' - J2i=2 K '^i-i^ 
a J = b[ LUi + b'2 s' - b'l LLii+4, 

as = 2 [b[ L02 + b'^LUT + s' - EL4 b'. 
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The conditions 



l = f3 + s'^ + -[2{u;f + cul+co^,)+j:ll2^f- 
2{s'^ + ul)+Y.t2^i 

lead to the following relations 



E15 9 
z=12 



= Q!2 = as = a4 = a5 = 0, 7 = /3 + 2(5. 

In order to calculate the scalar curvature, we need to compute the ChristofFel symbols of the 
second kind, which arc defined as 



1 V 
2^ 



dxj dxi dx„ 



(3.1) 



where i,j,l are indices that take the values 1,2,3, xi ~ t,X2 = d,X3 = <p, and |^.g'™^ is the 
inverse matrix of (^gij^ ■ Then the scalar curvature of the surface X(t, 0, </>) is 



Kit,e,^)=g'- 



9r 



ij Im, il jra 



dxi dxj 

At the zero position {t — 0), the scalar curvature of X(i, 0, cf)) is given by 

P[ cos{ni9 ± mi0), sin(ni0 ± mii/)) ) 

K = K(O,0,(/.) = -) ( 

Ql cos{n29 ± m20), sin(ri2^ ± "^2'/') ) 

This quotient writes then as 

cos(ni6' ± mi0), sin(ni^ ± 77110)^ — K cos(n2^ ± sin(n26' ± m20)^ =0. (3.3) 



(3.2) 



The assumption on the constancy of the scalar curvature K implies that equation (|3.3p is a 
linear combination of the functions cos(n0 ± to0), sin(n0 ± m0). Because these functions 



are independent linearly, the corresponding coefRcients must vanish. Throughout this work, 
we have employed the Mathematica programm in order to compute the explicit expressions of 
these coefficients. 

Assumption. Without loss of generality, we assume that the two conditions (j2.3|) - (|2.4p are 
satisfied and there are no translation motions in the plane which contain the starting sphere, 
i.e., 

b[ - 6'2 - 6^ = 0. 



3.1 Kinematic surfaces with zero scalar curvature 

We assume that K = 0. From the expression (|3.2p . we have 
P^cos(ni6' ± mi(f>) , sui{ni6 ± mi(j))j 

12 12 

= ^ ^ (^A,j cos(i 6' + j</)) + sin(z + j = 0. 

i=0 J = -12 

In this case, a straightforward computation shows that the coefficients of cos(12(/)), cos(66'+12^) 
and sin(6^? + 120) are 

3 r „ . / . .\ w . / „ „x3n 



^0,12 
A-6S2 

BeA2 



8192 
3 



16 - 120 (w| + cj^ 



32768 
3 



^ 15 tiJ2 tiJ^ + 15 W7 — 
UJ2 ^7 ^3 LU2 — t^T^ (^^2 ^ 3 . 



16384 

By solving the three equations Ao,i2 — 0, Ae,+i2 = and -Be, +12 = 0, we get 



LUl ^ LU2 ^ ^^7 ~ 0. 



Then 



-Bo, 9 
^3,9 



as 



cko - 6 ( a,^ 



256 

3 ( o 2 2 
256 "^ (Sa^-ag 



(al + ai) 



3 at 



R ( 2 

^"^ 256 V ^ 

The three equations -Bo,9i ^3,9 = and ^3^9 — imply 

Qfg = Qfy = ag = 0. 
From these values, equation Aq^q = leads to 

(/3 + 2,5)(/3 + s'2-2j) =0. 
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It is worth to point out that the quantities P and 5 are positive and thus we obtain the foUowing 
condition 

At this time, the exphcit computations of coefficients imply that aU Aij and Bi,j are equal 
zero. So, we have the following 

Theorem 3.1. A kinematic 3-surface in foliated by spheres and with zero constant scalar 
curvature satisfies 



LOi = UJ2 = wr — 0, 

7 7 7 



i=4 



1=4 
7 



i=3 



1=4 



3.2 Kinematic surfaces with non-zero constant scalar curvature 

We assume that the kinematic 3-surface has constant scalar curvature K 7^ 0. From (|3.ip . we 
have 

P^cos(ni0 ± mi0), sin(ni0 ± mi0)^ — K (5^cos(n20 ± m20), sin(n2f? ± m20)^ 
12 12 

= E E (^'.J '^o^^* 6* + J» + sin(i 61 + i 0)) = 0. 

j = _12 i=0 

In this case, a straightforward computation shows that the coefficients of cos(12(/)), cos{126+6(j)) 
and sin(120 + 60) are 



Af)T2 — 



1 



16384 



K + 6 



A. 



6,12 



65536 
1 



UJ2 ~ 15 U}2 ^'7 + 15cj2 i^j — ^7 



-86,12 = 32768 ^2 1^7 + 6j [3 UJ2 - t^2 j (^^2 - 3 

We consider the three equations ^0,12 = 0, ^5.12 = and i?6,i2 — 0. From here, we discuss two 
possibilities: K = —6 and uji = lu2 = 1-07 = 0. 



1. Case K = — 6. A computation of coefficients yields 
1 



^5,11 
-85,11 



2048 
1 



2048 



ae (^uj2 — (Slo^ijJj + uj'^ — Aa^ L02 lu^ — i-^f^ 

(jJ2 ~ 6 IJJ2 ^^7 + ^7 ) + 4(26 ^2 ^^7(^2 ~ j 



We consider two cases: = = and W2 = u)f = 0. 

Case (1): We assume = = 0. The computation of coefficients leads to 
1 



-Bo, 11 = 



■ as 



512 -o~.u^7{u^'r-^l)=0, 



2048 
1 

^4,11 = ^TT: "8 W2 



= 0, 



^4,11 = "8 (ui2 - 6 w| w| + w^) = 0, 

which impUes two subcases: ag = and ui =clJ2 = cor = 0. 
Subcase (1.1): If ag = 0, then we have 
1 



^0,10 = 



1024 
1 



14,10 



2048 

-84,10 = ^ 1^2 - oj^j (^P + s'^ + 66 - Lof 



(u^ - 6 + ufj (/3 + s'^ + 6 ^ - - - 



UJ2 UJ'j 



The last term in the above three equations is not zero because 

7 11 6 

/? + + 6 (5 - - - = ^ 6f + + ^ ^2 + 2 [2 + + ^ uf^ > 0. 

i=4 i=8 i=3 

The three equations Ao,io = 0, ^4,10 = and -64,10 = lead ui = UJ2 = OJ^ = 0. Now, the 
coefficient Aq^q must equal zero, that is, 

, 2 



(/3 + 2^) (2/3 + 8^-s'2) =0, 



contradiction. 

Subcase (1-2): If wi = a;2 = W7 = and as ^ 0, the equation i?o,9 = implies that 
as = 0: contradiction. 

Ccise (2): If a;2 = W7 = and ae, a-j 7^ 0, the computation of coefficients yields 

1 



A, 11 



■ ae = 0, 



2048 

^«'"=2^"^'"' = ^- 



Because ae 7^ and a7 ^ 0, we conclude wi = 0. New computations give 

-43,9 = {al-2,ai^, 



9 
256^ 

-83,9 = (Sa^-a^), 



By solving the equations ^3,9 = and i?3,9 = 0, we get = a-j = 0: contradiction. 



Corollary 3.2. There are not kinematic 3- surfaces in foliated by spheres and with 
scalar curvature K equal —6. 

2. Ccise wi = a;2 = = and K ^ —6. 

A computation of the coefficients yields 

So,9 = [a2-6(a^ + a?)](2K + 3) =0, 

^3,9 = (3a^-a^)(2K + 3) =0, 

^3,9 = (a?-3a2^(2K + 3) =0, 

3 

which gives two cases: K = — - or ay = = Q!8 = 0. 

3 

Ccise (1): Assume K = — -. Now, we obtain 

^0,8 = [al-(al-a'i)\(Q5-l3-2s'^), 

B2,8 = ^arae(6S-P-2s'^y 

Solving the three equations Aq^ = 0, A28 = and -B2 8 = 0) we find two cases: S = 

P + 2s'^ , n ' ' 

and ae = ct-j = as = U. 

6 

Ccise (1.1): li S = ^ ^ , we obtain 

Ao,i = ^ (2/3 + s") [4(2 /3 + - 9 (a| + 4(^2 + 
which leads the following condition 

A{2l3 + s"r = 9(al + 4{al + a'r))- 
At this point, all coefficients Aij and B^j are equal zero. 

^ _|_ 2 s'2 

Case (1.2): Assume ae = ar = ag = and 5 7^ . The coefficient Aq^ is 



6 



^0,6 = ^ ('^ + 2 (j) 14 (5 - /3 - 4 s'2 . From Ao.e = 0, we conclude 

/? + 4 s'2 



^ = 



14 



As a consequence, all coefficients Aij and Bij, i = 1,2, 12, j = —12, 12 are zero. 
From the above reasonings, it follows the next 
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Theorem 3.3. A kinematic 3-surface in foliated by spheres and with K = — — satisfies 
uji — — 1-^7 = and one of the next pairs of equations: 

7 7 7 7 ^ 

.'2 + 2Efef] =9[(Efe',^.+8)'+4(E^:-.-i)'+4(E6'.^.+4 " 



or 



i=4 i=i 
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E ^» ^^+4 


= E&^^.+8 = 0, 
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Ee 
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Assume ag = ay = as = 


and K ^ 


— — . In this case we obtain 



Ao,6 = ^(/? + 2^)'[k(/3 + 25) -2(2^-/3 



= 0, 



which yields 



K = 



2(2(5-/3-5^2) 
/3 + 2^ 



(3.4) 



From here, all coefficients Aij and Bij are equal zero. So, we have the following 
Theorem 3.4. A kinematic 3-surface in foliated by spheres and with constant scalar 



curvature 



satisfies 



K 



6 , ,2 Y^7 7/2 



^"^Els ^ + YL4 b'' 



Uli — UJ2 ~ Ll>7 — 0, 
7 7 7 

E b'i uji~i E " E ^« ^^+8 " ^■ 

1=4 i=4 i=4 

From the expression (|3.4p . we can write the quantity /? in the form 



2-K (5- 



K + 2 



As (3 is positive, we have two cases: 
(a) Case K + 2 < and (2 - k)(5 - s'^ < 0. This imphes 



K < -2, and K > 
which is a contradiction. 



2S-S 



/2 



2E- 



.3 



>o, 



i— 3 i 
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(b) Case K + 2 > and (^2 -KjS - s'^ > 0. This gives the following condition for K: 



-2 < K < = ^'=! ' < 2. 



E 



2 



1—3 I 

As consequence of Theorems 13 . 31 and 13 .4[ we have the next statement, which was established 
in the Introduction: 

Corollary 3.5. A kinematic three-dimensional surface in obtained by the equiform motion 
of a sphere and with constant scalar curvature K satisfies |K| < 2. 
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